ON DIFFERENTIAL FORMULAS OF SECOND
DEGREE THAT ADMIT AN INTEGRATION®

Leonhard Euler

§1 Among such differential formulas of second degree that admit an inte-
gration this formula is especially remarkable:

(x0x + yady) (dyddx — dxddy)
(9x2 + 9y2)2
which, if x and y denote orthogonal coordinates of a curve, arises, if the

element xdx + ydy is divided by the radius of curvature of this curve; since it
is known that the integral of this form is

7

yox — xay
VoxZ + oy?’

as will become clear to anyone doing the calculation, if the differential of this
formula is calculated. Therefore, since the integration is not obvious by any
means, and indeed requires many detours, I decided to discuss this topic
more accurately here, whence one will be able to understand, how many other
formulas of this kind be found which likewise admit an integration.

§2 That this can be done more easily, let us eliminate the differentials of
second degree from the calculation, which is most conveniently achieved
by putting dy = pdx such that instead of the second differentials this new
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quantity p = % is introduced into the calculation, which contains the ratio of
the first differentials, of course. Therefore, then it will be

x9x + ydy = ox(x + py)

and

ox? + 9y? = ax*(1 + pp),

and hence the denominator of the given formula becomes
(952 +9y?)? = ax*(1+ pp)?;
finally, for the other factor of the numerator one has
0yddx = poxdox,
and because of
00y = pddx + dpox

it will be

0x90y = pdxddx + dpox?,
and so that other factor will be

0yddx — dxddy = —Apox?,
having substituted which the given formula will take this form:

_9p(x+py)

(1+pp)?”
whose integral will therefore be

yox — xdy _ y—px
Voxt+oy2  \/T+pp

whose differential yields the above formula, of course.




§3 Therefore, since after this substitution only the one differential dp enters
into the difference-differential formula, I willconsider this formula: Vop in
general and will investigate values of what kind have to be attributed to
this letter V that the integral of the formula Vdp can be exhibited; here it
is certainly evident that this quantity V has to be a certain function of the
three variables x, y and p, of which nature which hence have to be for the
integration to succeed I therefore decided to investigate here more accurately.

§4 And first from that what I once taught about the integrability of differen-
tial formulas of higher orders one can without any difficulty exhibit criteria
from which one can decide whether such a formula Vdp admits an integration
or not. But at that time I considered such a form | Zdx, where having put

dy = pdx, OJp =qdx, dq=rdx, Or=sdx etc.

the letter Z denotes a function constructed arbitrarily from the letters x, y, p,
g, r, s etc., and I showed that, as often of this formula f Zox was integrable,
then it will always be

_[(az\ 1. [(9Z 1 0Z 1 ., (0Z 1., (0Z
0= (ay> o’ (ap) T ax® (aq> ~a? (ar> ox? (as> ~ete

But if that quantity does not become equal to zero directly, then that equation
expresses the relation between x and y, for which the integral formula [ Zox
has a maximum or minimum value.

8§85 Therefore, to reduce the formula f Vop that we consider here to this
form: [ Zdx, let us set dp = gdx such that our formula becomes Vgdx and
hence Z = Vyq; let us remark here that the quantity V contains only the three
letters x, y and p; having observed this it will be

(5)-(3)
(5)-(5) = ()

and so the criterion indicating integrability will be

furthermore,



_(qoV) 1 qov 1
o= (B0) - Lo () 1 Ly
which equation can also be represented this way:
oV 1 oV 1]
o=1(5) w0 1(5) -5
but then, because of gdx = dp, it can also be represented as follows:

1% 1 1% 1
0= 8p<ay) —ga- [ap(ap> —8V_.

§6 Therefore, since in general by means of the now sufficiently established

symbols
oV aV oV
oV = ox <ax) +8y<ay) +dp <8p>

having substituted this value the desired criterion will be expressed this way:

oV 1 oV oV
o= (5) v [ (5) (&)

which equation therefore contains the desired criterion such that, as often as
that formula actually becomes equal to zero, we can always be certain that the
given formula Vdp is integrable.

§7 Since V, by assumption, is a function involving these three variables x, y
and p, differentiating in usual manner we have

0V = Mox + Ny + Pop

and the criterion will be contained in this equation:

0=Ndp+09-(M+ Np),

which is further expanded into this one:

0 =2Ndp + dM + poN.

To see the power of this more clearly, let us apply that criterion to the formula
given initially



ap(x + py)
(1+pp)?

where, since
_ _xXtpy

C@+pp)d
having taken just x as variable, one finds

-
1+pp)?

but having taken just y as variable, it will be

N=—F
(1+pp)?

therefore, hence it will be

7

__ 0P nd o = (L=2PP)Op
(1+pp)? (1+pp)2

having substituted which values, since

2pd 2pap(1+
1. oNop= 2P _ pop( zr)
(1+pp)2 (1+pp)2

2. aM= P
(1+pp)?

5. pon = PP =2pP)
(1+pp)?

the sum of these formulas is obviously zero. From this it is understood that
this formula is indeed integrable, even though its integral is not known.

§8 But since our goal here rather is to find appropriate values to be taken for
V, for which the differential formula Vdp admits an integration, the found
criterion has no use; for this reason, let us begin our investigation from the
simplest cases, in which the given formula admits an integration, among
which without a doubt the simplest one is that one, in which V denotes a



constant quantity. Therefore, let V = 1, and it will be f dp = p. But hence
it further follows, if the differential dp is multiplied by an arbitrary function
of this integral p, which we will call A : p, then this formula dpA : p will be
integrable, which is certainly clear per se. For, here the under term integrability
we do not just understand what can be exhibited algebraically, but in general
what can be assigned in terms of arbitrary transcendental quantities.

§9 But second most simple case, in which the formula Vdp becomes inte-
grable, is the case V = x such that the differential formula is = xdp. For,
since by the all-known reduction [ xdp = px — [ pdx, because of pox = dy
this integral will be [ xdp = px —y. Therefore, if hence A : (x — y) denotes
an arbitrary function of the formula px — y, also this differential formula:
xopA : (px —y) extending a lot further will admit an integration, which
having put px —y = V because of dV = xdp takes this form: dVA : V.

§10 Furthermore, even a third very simple case is given in which our formula

Vdp becomes integrable, which arises by putting V = %. For, by the same
reduction, by which [ tdu = tu — [uot, taking t = y and du = %, whence

ot =9y = pox and u = —, it will be
yapz_y—l—/ax:x—y.
pp p p

Therefore, if further A : (x — %) denotes an arbitrary function of the formula

y— %, even this a lot more general differential formula will be integrable:

ya—pA: <x—y>.
pp p

For, if one sets x — £ = V, because of 9V = y;—;, this form becomes = dVA : V,
which is obviously always integrable.

§11 Having constituted these principal cases, let us also investigate more
complicated cases, in which the general formula Vdp will likewise become
integrable; for this purpose, let us go through the following problems.



PROBLEM 1

Let two functions of p be in questions, which we will call P and Q, of such a nature
that this differential formula: 0p(Px + Qy) becomes integrable.

SOLUTION

§12 Since this formula involves two parts, let us expand them separately by
the mentioned reduction, and first it will certainly be

/anp:x/Pap—/ax/Pap,

where the integral [ Pdp can be considered as a known quantity, since P
denotes a function of p. In like manner, for the other part it will be

/anp:y/Qap—/ay/Qap,

where the last terms contain formulas that are not integrable per se on both
sides, whence it is necessary that after having collected these two formulas
into one sum these two last terms cancel each other. Therefore, let

/8x/P8p+/8y/Qap:0,

and hence by integrating, because if dy = podx, it will be

/Pap+p/Q8p:0.

Now let us differentiate again and we will obtain

P /Q8p+Qp:0,
which differentiated again yields

0P + pdQ +2Qdp =0,

which equation contains the relation between the two functions P and Q in
question.



§13 Therefore, if this last equation is multiplied by p,

poP+0-Qpp =0

will result; hence it is clear, if the one of these two functions P and Q were
known, from this the other can be determined. For, if for the sake of il-
lustration, the function P was given, because of [ pdP + Qpp = C it will
be

_C—fpaP
pr

But if the other function Q was given, from the first formula it will be

Q

0P = —poQ — 2Qdp,

and hence by integrating

p=C-— /(paQ+2Qap)

or even
P=c-Qp- [ Qap.

§14 But whenever those two function P and Q had been determined correctly
that way, then the integral of the given differential formula dp(Px + Qy) will
be expressed in this way that = x [ Pdp +y [ Qdp. And we already noted
that the one of the functions P and Q can be assumed arbitrarily. Yes, one
can even be constitute a certain relation between P and Q. If, for the sake of
an example, we want that P = nQp, having substituted these values in this
differential equation, it will be

(n+2)Qdp+ (n+1)poQ =0,
whence one further deduces

(n+2)op n (n+1)0Q

-0,
p Q

whose integral is

(n+2)logp+ (n+1)log Q =logC,



and hence further p"*2Q"*! = C, from which one deduces

Q= ,,CH, Consequently P= n? .
p 1 pnTl

§15 Since the integral was found to be x [ Pdp +y [ Qdp, these two integral
formulas are to be considered to obtain two constants such that the true
integral results expressed this way: x [ Pop + y [ Qdp + ax + By, where the
constants & and B have to be determined for each case in such a way that,
after having taken the differentials, the element dx exits the calculation, what
happens, if it was

ox / Pop + pox / Qdp + adx + Bpox =0,

whence, as we already found

Pop +dp / Qap + Qpop + pop = 0,
which divided by dp and differentiated again yields

0P 4-2Qdp + poQ =0,

which equation expressed the required relation between P and Q.

ANOTHER SOLUTION OF THE SAME PROBLEM

§16 Since xdp is the differential of the formula px — y, by reduction it will be

/dea =P(px—y) — /(px —y)oPp;

further, since % is the differential of the formula px — y, by reduction it will
be:

/anyZ/QPP'y;fZQPPG—z)—/<x—z>a'QPP-

Therefore, combining them the integral of the given formula will be

P(px —y) + Qpp (%%) —/(Px—y)aP—/<x—z>a‘Qpp,



where it is evident that the last integral parts must be equal to zero. Hence,
having taken the differentials, one has to set

(px —y)oP + (x—i)é-Qpsz,

which equation divided by px — y gives

8P+;8-Qpp:0

or

9P + paQ +2Qap =0,

which is the same equation between P and Q that the first solution produced.

§17 Since we saw above that this formula

(x + py)op
(1+pp)?
admits an integration, after an application here it will be

1
p—— ' ad Q="
(1+pp)2 (1+pp)2
Now let us consider the quantity P as known and let us see, whether we find
the same value for Q. Therefore, since

ap — PP _
(1+pp)>
the found equation will become
—3po
7}7;95 + poQ +2Qdp =0,
(1+pp)?

which multiplied by p yields
9-Qpp = BPLBPS and hence Qpp = /(3]9Pa]9

(1+pp)? 1+ pp)i
But paying little attention, it will be clear that

10



1+pp):  (1+pp)?

7

/ 3ppop P’
(
and so it will be

Qpp =

NI

(1+pp)
and hence

p C

(1+pp): PP

§18 Therefore, hence we see that for the value

P
(1+pp)?
not only
_ P
(14 pp)>
but, in more generality, one can take
p C

S E— + R

(1+pp)2 PP

such that this formula admits an integration. Therefore, since the integral was
found in general to be

P@x—w%%mw<x—z>,
having substituted these values the integral will be

pr—y . pplpx—y)  Clpx—y)
3 3
(I+pp)2  (1+pp): p
which is reduced to this form:

7

Px—y_+C@x—y)

V1+pp p

11



PROBLEM 2

If M and N were any arbitrary given functions of p, to find a function I1 of the same
letter such that this differential formula: (Mx + Ny)I10p admits an integration.

SOLUTION

§19 If we compare this problem with the preceding one, it is immediately
clear that the functions denoted by the letters P and Q are MIT and NII
such that P = MII and Q = NII. Therefore, since integrability requires this
equation:

0P +2Qdp + poQ =0,

after this substitution we will obtain the following equation:

MOTT 4 I19M + 2NTI9p + Npall + I1poN = 0,

from which, since M and N are known functions of p, we find

dll ~ —dM —2Ndp — poN
I M+ Np ’

whence by integrating we calculate

_ Nap
logIT = —log(M + Np) M+ Np'
Therefore, for the sake of brevity, let us put

Nop
M+ Np
since even this formula K can be considered as given, and so it will be

logIT = —log(M + Np) — log K + log A. Therefore, for the solution of our
problem we will have:

=logK,

A

_ Nop
~ K(M+ Np)’

IT .
M+ Np

while logK = /

12



§20 But having found this value of the function in question

- A
~ K(M+ Np)’

since above the integral in general resulted as

P(px —y) + Qpp (x - ij> = (px—y)(P+Qp),

having substituted the respective values for P and Q, the integral of the given
differential formula (Mx + Ny)I1op will be

A(px —y)(M + Np)
K(M+ Np) !

which is conveniently further reduced to this very simple form:

(px —y)(MIT+ NIlp) =

A(px —y)
K 7
and so it will be

/ (Mx+ Ny)op  px—y
K(M+Np) K '

while

Nop f Nop
= _ K = M+N
log K / T+ Np or e v,

which will be worth the effort to illustrate it with examples.

EXAMPLE 1

§21 Let M =1 and N = 1 such that this differential formula is propounded:
(x + y)I19p. Therefore, it will be

log K = /1 — log(1+ p)
here and hence K = 1 + p such that now the function in question is IT = W;‘W,
and hence the differential formula admitting an integration will be (Z‘liyp);’f ,

whose integral obviously is £—Z. For, if this formula is differentiated,

13



xdp  (px—y)op

1+p (1+p)? "’

which is reduced to this form:

(x+y)op
(1+p)?

EXAMPLE 2

§22 Let both functions M and N be constants, namely M = m and N = n,
such that this differential formula is given: (mx + ny)I1dp. Therefore, here it
will be

_ [_mp _
lOgK_/nH-np = log(m + np)

first such that K = m + np. Hence the function I in question will be
4
(m+mnp)?
such that this formula is already integrable:
(mx + ny)op
(m+np)>

whose integral will be

px—Yy

m+np’

of course.

EXAMPLE 3

§23 Now let us take M =1 and N = p that this formula is to be rendered
integrable (x + py)I1dp. Therefore, here it will be

logK:/ pop =log/1+pp

1+pp
first and hence K = /1 + pp, whence the function in question becomes

14



n-_ 4

(1+pp)?
and thus the differential formula admitting an integration will be

x + py)o
(x+py) L4 (1)
(1+pp)*

which is the one we considered initially, whose integral therefore is

pPX—y
V 1+ p?
EXAMPLE 4

§24 Now let M = n and N = np such that the formula that is to rendered
integrable is (mx + npy)I1dy. Therefore, here it will be

logK = /m+npp log \/m +npp

and hence K = /m + npp, whence the function in question will be

A

| [ —
(m+npp)?

such that this formula

(mx + npy)op
(m +npp)?

is already integrable, whose integral will therefore be

px—y
Jm+npp’

EXAMPLE 5

§25 Now let M = m and N = np*~! such that formula that is to be rendered
integrable is (mx + np*~1y)I19p. Therefore, here it will be

A-1
np*~dp _ 1
logK = /m+np log(m+np )

15



and hence K = (m + np") T, whence the function IT in question will be
A
(m +nph) T
such that this formula is already integrable:
(mx +np*~y)op

(m+np*)F
whose integral will therefore be

px—y
(m +np?)

>|—=

EXAMPLE 6

§26 Now let M = mp and N = n such that the formula that is to rendered
integrable is (mpx + ny)I1dp. Therefore, here it will be

- np  n
logK_/mp+np_m+nlogp

and hence K = pm%n ; therefore,

A

m+2n 7

(m + m)p'i
and so this formula is integrable now

(mpx + ny)op
m+2n 7/

(m 4 m)ps
whose integral will therefore be

px—y

-

§27 Here the especially remarkable case occurs, in whichm = —norm+n =
0; for, then because of the infinite exponent of p a highly incongruent formula
results. But this case is obvious per se. For, if one finds IT that this formula
(px — y)I1dp become integrable, since 0 - (px — y) = xdp, it is evident that
there is no function of just p, which can satisfy this condition. But as soon as
it was not m +n = 0, the solution is always possible.

16



EXAMPLE 7

§28 Now take M = mpp and N = n such that this formula has to be
rendered integrable: (mppx + ny)I1op. Therefore, here it will be

- nop _
logK = / ot mpp log p — log(mp +n),

consequently
K= P , and hence II= i,
mp+n pp
and so the integrable formula will be
(mppx + ny)op.
pp

for, its integral will be

(px —y)(mp +n)
) .

EXAMPLE 8

§29 Now let M = p**! and N = 1 such that the formula (p**'x + y)I19p is
to be rendered integrable. Therefore, here it will be

_ i _ 1 A

thus,
_ p
(pM1+1)2 ’

and hence

o AP DT

pp
whence the integrable formula will be
(P + )T (pM x4 y)3p
pp

17



whose integral obviously is

(px—y)(P* + DT
p

EXAMPLE 9

§30 Finally, let M = mp)‘+1 and N = n such that the formula to be rendered
integrable is (mp**1x + ny)I19p. Therefore, here it will be

nop 1 A
log K = /mpmmg = logp — 5 log(mp” +n),
and hence
K=—2F
(mpt +n)a

and thus

1= A(mp* +”)¥,

pp

whence the integrable formula will be

(mp*Mx + ny) (mp* +n) '3 9p
pp ’

whose integral will be

(px —y)(mp* +n)3
p 7

of course.

PROBLEM

To find two functions of p, which we will call P and Q, such that this differential
formula: (px —y)"~1(Px + Qy)dp becomes integrable.

18



SOLUTION

§31 Since xdp = 9 - (px — y), it will be

n— 1 n 1 n
/anp(rfx —y)" = P(px—y)" = /(px —y)"oP.

yavza.<x_y),
pp p

let us write Qpp - y;—;f instead of Qydp, but then let us write p (x — %) instead

Further, since

-1
of px — y, and hence one will have to write p"~! (x — g) " instead of (px —

y)"~L. Therefore, hence for the one part we will have

n—1 n—1
e Yyop .1 y n+1 Yop y

Qyap(px—y)" ' = Qpp- L L. <x—> =Q --(x—) ,
yop(px —y) PPy P ; p o »

and hence by reduction it will be
1 " "
Y S S n+1 _z = _y X n+1
[ Quap(px =y = Lp (x p) -/ <x p) 5-Qp"t.
§32 Therefore, for the given formula to admit an integration it now is

necessary that the two last summatory terms become zero, whence this
equation arises:

(px —y)"oP + <x - }yj> 9-Qp" =0,
and hence dividing by (px —y)" it will be

pnap+ J - Qpn+1 — 0’

whose expansion yields

0P+ poQ+ (n+1)Qdp =0,

19



which equation contains the required relation between P and Q); therefore,
hence given the one the other can be determined at the same time; for; then
the integral of the propounded formula will be

1 e Lopt (v 1Y
LPpx—y)"+ - Qp (x p>

or
1 n
—(px —y)"(P +Qp).

PROBLEM 4

If M and N denote arbitrary given functions of p, to find a function I1 such that this
differential formula: (px — y)"~'(Mx + Ny)I19p becomes integrable.
SOLUTION

§33 The solution of the preceding problem is transferred to this one by
setting P = MIT and Q = NII, whence the condition found before will lead
to this equation:

MOIT + IToM + Npdll +I1poN + (n + 1)NIlop =0,

from which one finds

dll  —0M —poN — (n+1)Nodp
I M+ Np ’
which integrated yields
Nop

logIT = —log(M+ Np) —n Mt Np

§34 Now let us, as we did above, put

Nop
M+ Np

and going back to numbers, it will be

=logK,

20



A
=
K*(M+ Np)’
and so our integrable formula will be

(px —y)" ' (Mx + Ny)op
K*"(M+ Np) )

For, its integral will be

1(px—y)"(M+Np) _ (px—y)"

n  K'(M+ Np) nkm '

whence for n = 1 obviously the case of the third problem emerges.

§35 Here the especially remarkable case occurs, in which n = 0; for, then
because of K" = 1 the integral formula that was rendered integrable will be

(Mx + Ny)op
(M+ Np)(px—y)

But its integral hence seems to become infinite, values of which kind are
reduced to logarithms; for, the formula M is equivalent to log(px — y).
Nevertheless this integral is not satisfactory by any means, the reason for
which lies hidden in the vanishing of the number n; but one finds this

differential formual to be resolved into

xdp  Nop
px—y M+ Np’

hence if, as we did before, we put

Nop
M+ Np
its integral will be log(px — y) — log K such that in this case the integral is

log 2. But in the remaining cases the integrals will be algebraic, for which
reason we will consider the following examples.

=logK,

21



EXAMPLE 1

§36 Let M = 1 and N = 1, and as before it will be logK = f% =
log(1+ p), and hence K = 1+ p, and hence IT =
integrable formula will be

W, whence our now

(px —y)" ' (x+y)op
(I+p)tt 7

whose integral is

(px —y)"

n(l+p)"

EXAMPLE 2

§37 Now let us put M = a and N =  such that the formula to be rendered
integrable is (px — y)"~!(ax + By)I19p. Therefore, here it will be

logK = /Dfl_azp = log(a + Bp)

and hence K = « + Bp; and thus I1 =
be rendered integrable will be

W‘W, whence our formula that is to

(px —y)" ' (ax + By)op
(+pp)st 7

whose integral is

@x—W”_
n(a+ Bp)"
EXAMPLE 3

§38 Now let M = 1 and N = p such that the formula to be rendered
integrable is (px — y)"~!(x + py)I19p. Therefore, here it will be

logK:/ pop =log /1+pp

1+ pp
and hence K = /1 + pp and thus

22



A
II = DN
(I+pp) >
and so our integrable formula will be

(px —y)" ' (x+ py)op.

n+2 ’

(1+pp)

for, its integral will be

(px—y)"
n(1+pp)?
EXAMPLE 4

§39 Now let M = a and N = Bp such that the formula that is to be rendered
integrable is (px — y)"~!(ax + Bpy)I19p. Therefore, here it will be

_ [ Ppop _1
logK = it Brp 2 log(a + Bpp)
and hence K = \/a 4 Bpp, whence the function IT in question will be
A
(a+ppp)"

Hence our integrable formula will be

(px —y)""(ax + Bpy)dp
(a+ ppp)'=
whose integral obviously will be

7

(px—y)"
n(a+ ppp)*

EXAMPLE 5

§40 Let M = a and N = Bp*~! such that formula that is to be rendered
integrable is (px — y)"~!(ax + Bp*~'y)I19p. Therefore, here it will be

Br*top 1 A
lX—i-prA - AlOg(lX—F’BP )

logK =

23



and hence K = (a + pp*) T, whence the function IT in question will be

4
(at ppt) T
and so our integrable formula will be

(px —y)" ax + pp*'y)op
n+A 4

(a+ Bpt) 7

whose integral obviously is

(px—y)"
n(a+ pph)i
EXAMPLE 6

§41 Now let M = ap and N = B such that the formula to be rendered
integrable is (px — y)"~!(apx + By)I1dp. Therefore, here it will be

logK = Pop __ P log p

ap+Bp  a+P

B
and hence K = p*#. Therefore, hence the propounded function IT will be

A
a+(n+1)p 7

(a+p)p =7
and so our integrable formula will now be

IT =

(px —y)" ' (apx + By)op
at+(n+1)p ’

(a+p)p «77

whose integral therefore is

(px —y)"

_pr
npa+ﬁ

24



EXAMPLE 7

§42 Now take M = app and N = B such that this formula: (px —y)" ! (appx +
By)I1op has to be rendered integrable. Therefore, here it will be

' Bop
logK = [ ———— =logp —log(ap + B),
8 app+ pp 08P ~loglap+ )
as a logical consequence K = ﬁ, and hence
q— Alp+pr
Pn+1

and so the integrable formula will now be

(px —y)" M(appx + By) (ap + B)"'9p
pn—i-l 4

whose integral obviously is

(px —y)"(ap +p)"

np"

EXAMPLE 8
§43 Now let M = p**! and N = 1 such that the formula that is to be
rendered integrable is (px —y)" 1 (p**1x + y)I[19p. Therefore, here it will be
dp 1 A
logK= [ —P  _logp— -1 1
og /P/\—H T logP 3 og(p” +1),

consequently K = " £ T and hence
pr1)R

A(p* +1)T
pn+1 ’

IT =

whence the integrable formula will be

(px — )" (PP x +y) (Pt +1)"T 0p
pn—i-l 4

whose integral will hence be

(px—y)"(p* +1)7
np" ’
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EXAMPLE 9

§44 Finally, let M = ap**! and N = B such that formula that is to be
rendered integrable is (px —y)"~!(ap**lx + By)I19p. Therefore, here it will
be

pop 1 A
=[PP loep——1
log K / a1 pp o8P~ yloslapt+p)
and hence K = P and thus,
(ap?+p) %
Alap* + )T
g Qe G i 2

pn+1

whence the integrable formula will be

(p — xy)" Hap'x + By) (ap* + B) "% Op
Pn+1 4

whose integral will therefore be

(px —y)"(ap* + )t
np"
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